
Math 564: Advance Analysis 1
Lecture 15

Thum
. If futef in measure leg . wher futyf), Here is a subsequence
Ifun that converges to f are

.

Observe (at homel that if fu-of then (ful is landy in measure
.

so it is enough to prove the following stronger Mavem :

Theorem /Completene of convergence in measure) . Let (ful be lamoly in measure .

Then 5 measurable function f cit
.

(a) fartf are .
for some subsequence (fuel

(b) fu trf .

Proof
.

For (b)
,
it's enough to show fretf for come subsequence

, by HW.N

In other words
,
we can

, WLOG , estrict to subsequences
.

Claim (speeding up) . WLOG
, up to restricting to a subsequence , we may

assume Ht I

Proof
.

We build a subject is
.

"

En du(fun , fame)

Let no be set
. Fuc-no we have dolfnosful<2"

let nino be st . Fuseu
,
re have En (n , fuls2 !

!

It Meas --- Furn
,
--- em(fanfulz-

then (fun) is as desired . Claim

Thus
,
the measures of the Sets Azoulfu , futil are 2 , and hears



are summable
. By Brrl-Cantelli for a

.
e . x FNx s.t. x & BNx := U

/ 1 Nx

Agen Ifu , fatil . We show ht (fu(x)) is Carchy. . Indeed , us-Nx

If(x) - fu + m(x)) - Ifu(x) - fu+i+i(x)) -(nilz-t ! (A)
i = 0 i

= 0

Thus
,
fulx) -> some number devoted by f(x) · F is a ptwise limit

measurable functions
,
and heave in measurable

.

We also show t farnt. Fix &38 al let N be st
.

2 N*G
.

Need to show M(Ax(fn , f) -> O as n -> 4 .

But 1) implies Ct x & BN
,

and Un= N
,
If(x)-f()- 2 - "+

So FuzN
,
Aaltu

,
f) = AgirtIfu ,f) Bir , so Galfe ,f) (Bi)=

M(Az-n(fu ,
fati)) = 22-4 = 2 NH ,

mick is arbitrarily smalle
n = N n= N

(x = X : P (x) fails

Uniform vs
, ptwise convergence .

has nease ! E
.↳swapping quantifiers trick . Let (X ,M) be a finite measure , pace

and let
<Pul be an increasing sey. of measurable sets Link of x Pa as x satisfies
Pr

. If =X JnEIN Pull holds
,
then JuF,X Pull holds

·

Proof
. Observe UA X= * Pa so M/Pa) ->M(x) < &

,
Has MIX(Pu)-sO

.

W

99% uniform convergence (Egorov's Morem) . Let X,M) be a finite measure space.

If fatf are
.

Den FOTO 7X=X measurable M(XIX)= &

on which furf uniformly .

Proof . We have 1330 100x=X IN c
.t
.

AlsOne N



Thus X330 JN
,
1999 =Y PN

,

(e) holds
,

4t 3x ->0 Le
. g , 2ni=t) . Then

F Ex IN X-YeX PNX) holds , where := d.2
In other words

,
the set ↓

Xx :
= 4x =X : (fn(x) - f(x)) < 3r Fu = Ne3

has measure - M(X) - I
&

Ru X== Xe works
.

M(X(X) = E(X Xal= Idz-
k
=0

For all En FxzX'Ifulx)-f(x)k 3 Vn> Na
.

Product measures and Fubini
.

Let (x , M ,
M) and hY

,
W

,
c) be measure spaces . Let MON

denote the F-algebra generated by rectanges , i . e - Sets of the form

Ax B where A <d d Be N
.

Prop , the is a measure " on MQS s . t . &(AxB) = M(A) -(B)
for all AxBEMXN

.

His is unique if Manch rare
--frite

,
in which case we denote it by MxV

.

Proof
.

Let A be the algebra generated by changes , hone A = finite
unious of rectangles) . We define the measure on A by

↑(AnxBu) : = Z M(An) · (Ba
.

<N

To show that I is well-chfined and otbl-additive on A
,

it is enough to show It if a rectangle AxB is equal to
L) Anx Bu Men
aEN M(A) . (B) = Er(An) -

r (Bn)
.



We show this using integrals . We have bt 1AxB = I HAnxBus
nEIN

and 1AxB 1,3) = 1x() · Higly) . We integrate bold sides not y
and get , for each xGX : MeT

-(1) :1(r(y) =(2 Hae) 1 .( ) dukl 2)Odou

W
11 Y 11

S

Aa(x) - v(B) I HA
,

) . ~ (B)
.

We integrate again over x and again use MCT:

~(B) · M(A) = -(B) · (1x(x)dM(x) = -(B) · (And) = ZulBa) (A)
X U

X

Thus
,

O is a promensure on A
,
hence Carctheodory's Resear applies ·

Fubini-Tonelli theorem . Let (X
,
al
,
M of 14

,
N
,
0) be -finite measure

spaces . Let f be a Mxx-measurable function xxY+ 1 - 0,9)

(a) to welli . If fro ,
then for Mace . xxX

,
fx : Y->20 , 1)

3-measurable and for vace . yeY , Ey : x -> 10
,
1) is

M-measurable ,

and the functions g
: x- 30 , 45
x If, dr

and h : Y- [0,4] are both measurable
,
auch

h3H(f , d q

-

Ifdrdr= (f dr = ! far daYX xxY

(b) Embini . If fel(XxY, Mxr) , then same holds
,
but in addition

, ge,)
and h LY

,
v) .


